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Abstract: In [1] Acharya and Sampathkumar defined a graphoidal cover as a partition of 
edges into internally disjoint (not necessarily open) paths. If we consider only open paths in 
the above definition then we call it as a graphoidal path cover [3]. Generally, a Smarandache 
graphoidal tree (k, d)-cover of a graph G is a partition of edges of G into trees T,,T2,--- ,T) 
such that |E(T;)NE(Z;)| < & and |T;| < d for integers 1 < i,j <1. Particularly, if k = 0, then 
such a tree is called a graphoidal tree d-cover of G. In [3] a graphoidal tree cover has been 
defined as a partition of edges into internally disjoint trees. Here we define a graphoidal 
tree d-cover as a partition of edges into internally disjoint trees in which each tree has a 
maximum degree bounded by d. The minimum cardinality of such d-covers is denoted by 
(4). Clearly a graphoidal tree 2-cover is a graphoidal cover. We find a? (G) for some 
standard graphs. 
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§1. Introduction 


Throughout this paper G stands for simple undirected graph with p vertices and q edges. For 
other notations and terminology we follow [2]. A Smarandache graphoidal tree (k, d)-cover of G 
is a partition of edges of G into trees T;,T>,--- ,T; such that |E(T;) 0 E(T;)| < & and |Tj| <d 
for integers 1 < 1,7 <1. Particularly, if k = 0, then such a cover is called a graphoidal tree 
d-cover of G. A graphoidal tree d-cover (d > 2) ¥ of G is a collection of non-trivial trees in G 
such that 


(i) Every vertex is an internal vertex of at most one tree; 
(ii) Every edge is in exactly one tree; 
(iit) For every treeT € F,A(T) <d. 
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Let Y denote the set of all graphoidal tree d-covers of G. Since E(G) is a graphoidal tree 
d-cover, we have ¥ # 9. Let y(@) = ae | #|. Then 9 (G) is called the graphoidal tree 
Es 


d-covering number of G. Any graphoidal tree d-cover of G for which |_Y%| = ya) is called a 
minimum graphoidal tree d-cover. 

A graphoidal tree cover of G is a collection of non-trivial trees in G satisfying (2) and 
(it). The minimum cardinality of graphoidal tree covers is denoted by yr(G). A graphoidal 
path cover (or acyclic graphoidal cover in [5]) is a collection of non-trivial path in G such that 
every vertex is an internal vertex of at most one path and every edge is in exactly one path. 
Clearly a graphoidal tree 2-cover is a graphoidal path cover and a graphoidal tree d-cover ( 
d >A) is a graphoidal tree cover. Note that yr(G) < y(@ for all d > 2. It is observe that 
y(G) > A-d41. 


§2. Preliminaries 


Theorem 2.1([4]) yr(Kp) = [4]. 
Theorem 2.2([4])  yr(Knn) = [#1]. 


Theorem 2.3((4]) [fm <n < 2m-—3, then yr(Kmn) = [4£*]. Further more, ifn > 2m-3, 
then yr(Kmn) =m. 


oly 


Theorem 2.4([4]) yr(Cm x Ch) =3 if m,n > 3. 


Theorem 2.5([4]) yr(G) < [4] if 6(G) = &. 


§3. Main results 


We first determine a lower bound for yr(d)(G). Define ng = re ng, where Yq is a collection 
€Ga 


of all graphoidal tree d-covers and n v is the number of vertices which are not internal vertices 


of any tree in Z. 


Theorem 3.1 For d> 2, yr(d)(G) > q- (p—na)(d— 1). 


Proof Let VW be a minimum graphoidal tree d-cover of G such that n vertices of G are not 
internal in any tree of W. 

Let & be the number of trees in W having more than one edge. For a tree in VW having more 
than one edge, fix a root vertex which is not a pendant vertex. Assign direction to the edges of 
the k trees in such a way that the root vertex has in degree zero and every other vertex has in 
degree 1. In W, let J; be the number of vertices of out degree d and lz the number of vertices of 
out degree less than or equal to d— 1 (and > 0) in these k trees. Clearly J; + lz is the number 
of internal vertices of trees in V and so 1; + l2 = p—n. In each tree of WV there is at most one 
vertex of out degree d and so 1; < k. Hence we have 
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Corollary 3.2 ya) >q-—p(d—1). 


Now we determine graphoidal tree d-covering number of a complete graph. 


Theorem 3.3 For any integer p > 4, 


OK.) = pee if d< 
a ee p p 
Proof Let d > &. We know that yO (Kp) > yr(Kp) = [§] by Theorem 2.1. 


Case (i) Let p be even, say p = 2k. We write V(K,) = {0,1,2,---,2k— 1}. Consider the 
graphoidal tree cover .Y; = {T),T2,--- ,Tx}, where each T; (i = 1,2,---,k ) is a spanning 
tree with edge set defined by 


U {(k+%1-1,s):s = j(mod2k),j =i+k,i+k+1,---,i+2k— 2}. 
Now | f1| =k = §. Note that A(T;) =k < d for i =1,2,--- ,k and hence yr(d)(Kp) = [4]. 


Case (ii) Let p be odd, say p = 2k +1. We write V(K,) = {0,1,2,---,2k}. Consider the 
graphoidal tree cover Yo = {T),T2,--- ,Tk+41} where each T; (i = 1,2,---,k ) is a tree with 
edge set defined by 


E(T;) = {@-l1,j):7 =t,t4+1,---,i+k-1} 
U {(k+i-1,s):s=j(mod2k+1),j =i+k,it+k4+1,---,i+2k—-1}. 


E(Tx +1) = {(2k, 7) ig = 0,1,2,- aes + ne 
Now | %2| =k = §. Note that the degree of every internal vertex of J; is either k or k +1 
and so A(T;) < d, i=1,2,--- ,k +1. Hence y{(K,) = [8] ifd> 8. 
Let d < §. By Corollary 3.2, 


P(p—1 p(p—2d+1 
OK) 2 a+ ppd = PREY 4p pq = PPP) 


Remove the edges from each T; in .Y; ( or Y2 ) when p is even (odd) so that every internal 
vertex is of degree d in the new tree T/ formed by this removal. The new trees so formed 
together with the removed edges form (f3. 
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If p is even, then ,%3 is constructed from _Y%; and 


2k(2k — 1 —2d+1 
| £3) =k+q—k(2d-1) =k4 ek ) _ R(2d— 10 = (2k — 2d + 1) = PEPE 
If p is odd, then ,Y3 is constructed from Yo and 
2k(2k + 1) p(p — 2d + 1) 


| Z3| = k+1+q—k(2d—1)—d = k+14+ 


2kdt+k—d = (2k+1)(1+k—-d) = 


2 2 


Hence 1 (K,) = Pipt i= 2d) 


The following examples illustrate the above theorem. 


Examples 3.4 Consider Kg. Take d= 3 = § and V(Ke6) = {vo0, U1, v2, U3, U4, U5}. 
0) U1 U2 
V4 U5 
U3 
V2 
Uv Uv 
VI v2 3 3 U4 
U4 U5 U5 (20) VO U1 
Fig. 1 


Whence 12) (Ke) = 3. Taked=2< §. 


m0 U1 U4 V2 U5 


we U2 Vo UB 
U U 
V2 U3 U3 4 VA 5 
UL U5 v2 VO U3 U1 
U5 vO 


U4 


Fig.2 
Whence 7) (Ke) = §(6+1-2x 2) =9. 


Consider K7. Take d= 4 = [4] and V(K7) = {vo0, 11, v2, v3, U4, Us, V6 - 
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vO U1 v2 UG 
v3 V4 U5 
Vv Vv Vv 
v1 v9 2 3 U3 U4 Vo 1 v2 
V4 U5 V6 U5 U6 VO V6 Vo V1 
Fig.3 
4 
Whence, a) =4= [§]. Now take d= 3 < [4]. 
Vv Vv 
a : es: U6 Ue V4 U5 
v3 V4 U5 
) Vv v vu 7) 
V1 v9 2 3 3 U4 0 1 v2 v3 U9 U1 
V4 U5 U5 U6 V6 VO 
Fig.4 


Therefore, 4) (K7) = 4(7+1-2x 3) =7. 


We now turn to some cases of complete bipartite graph. 


Theorem 3.5 If n,m > 2d, then 1 (Km) =p+q—pd=mn-—(m-+n)(d—1). 


Proof By theorem 3.2, 9 (Kmn) >pt+q-—pd =mn—-(mt+njd+m-+n. Consider 
G = Kod,2d- Let V(G) = Xy1 U Yi, where Xy = {x1,22,°- a , L2a} and Yi = {y1, 2, ge , Y2a}- 
Clearly deg(x;) = deg(y;) = 2d, 1 <i,j < 2d. For 1 <i < d, we define 


T; = {(vi,yj): 1 <9 < dh, Tayi = {(tita, yj): d+1< 7 < 2d} 
Toa+i = {(yi, tj): d +1 <9 < 2d} and Tayi = {(Yita, 23) 21 <j < dh. 


Clearly, % = {T1,T2,--- , T1a} is a graphoidal tree d-cover for G. Now consider Km.n,m,n = 
2d. Let V(Kinn) = X UY, where X = {21,%2,:--,U%m} and Y = {yi,y2,--: , Yn}. Now 
for dd +1 < i < 4d+m-— 2d = m+ 2d, we define T; = {(ti-2a,y;) : 1 < 9 < dh. 
Form. -2d 1-4 mien, we-défine Ty = [Gjom, 23) 01 <p dg}. Then = 
{T, To, gene » La, Taa-+1; mse » Im+2ds Tm+2d+15 ae saat U {E(G) = [E(T;) a < a <m+ n|} is 
a graphoidal tree d-cover for Ky. Hence |_4"| = p+q-—pd and so ¥? (Kmn) <pt+q-pd= 
mn — (m+n)(d—1) for m,n > 2d. 


The following example illustrates the above theorem. 


Example 3.6 Consider gio and take d = 4. 
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INININGIN 


nm yy wm yo yt im ye ys? m1 yo ys “* Ys Yo Yr 


ININIINGIN 


Y¥5 Ye Y7 ie Ys Ye G7 Lg L5 U6 L7 Xs 


ININDNINDS 


L4 £1 LQ 13 2 
5 26 @7 8 Ly Xo U3 L4 LT, Lg Ly “4 V1 V2 3 M4 


¥8 Y9 Y10 Yo Yo Yo Y9 Y10 Y10 Y10 Y10 


/K\ IN 


TZ %2Q2 %3 XA TL XQ UZ U4 V1 XQ LZ U4 UT 6 U7 Ug L5H VE L7 Vg 


Fig.5 
Whence, 7 = 18 + 80— 18 x 4 = 26. 


Theorem 3.7 y (Koa 12d-1) =p+q-—pd=2d-1. 


Proof By Theorem 3.2, 7 (Koa—1,24-1) > p+q—pd = 2d—-1. For1<i<d-1, we 
define 


T; = {(@i,y;)) : 15 9 <a} UL, eay5) 1 <7 Sd—1U{ (wats, yary) 1S 9 < d—1}. 


Let Ty = {(ta, yj): 1 <9 < db} U{(ya, a4j;) :1 <7 < d—-—1}. Ford+1<i< 2d—-1, we 
define T; = {(yi, vj): 1 <j < d}. Clearly Y = {T),To,--- , Toa—i} is a graphoidal tree d-cover 
of G and so 


(GQ) < 2d —1 = (2d — 1)(2d — 1 - 2(d-1)) =q + p— pa. 


The following example illustrates the above theorem. 


Example 3.8 Consider Ko 9 and d= 5. 
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Y2 Y3U4 Y5 Y1Y3Y4Y5  YiY2Yays YiY2Y3Y5 = Y1Yy2y3 Ya 


Beal X2 x3 L4 U5 
<9 <9 v9 r6 
Y1 rs Y2 Eg Y3 Le Yas rg 
L7 r6 x7 r7 
r6 
x7 v8 v9 U5 


Ye Y7¥8 Yo Yo Y7Y8 YO YEYTY8Y9 YeYT7TY8Y9 Te T7TgXg 
U¥6 U7 ¥8 Y9 


Ly LQX%3 L4 Ly %Q2 U3 4 LX, XQ UZ TH UX XQ UW UM 


Fig.6 
Thereafter, 7°) (Ko,9) = 81 +18 —90 = 9. 


Lemma 3.9 WS? (K3r,3r) < 2r, whered > 2r andr >> 1. 
Proof Let V(K3r,3r) = X UY, where X = {21,%2,-++ ,%3r} and Y = {y1, y2,-+- , yar}. 


Case (7) r is even. 


For 1 <s <r, we define 


T; = {(£s,Ys+i) :0<icr— 1} U {(Xs, Yor+s) } U {(2rtes ores) i U {(Yar+s,Tar+s)} 
Uo {(@i, Yor¢s) : 1 Sis riF shu (tris, ys) rts <i< 3r,iF 2r+s} 
U {(trps, yi): 1<i<s—1,s41} 
and 


Tres = {(Ys, Esti): 1S tS r}U {(ys, args)} U {(Yrts, Tarts) } 
U {(yi; tarps): 1 <i<riAs,2r+1<i<3rif 2r+s} 
UU {(Y4es, ti): r+stl<is3r1<i<s,i4 2r+s}. 


Then 7, = {T1,T2,--- , Tor} is a graphoidal tree d-cover for K3,,3,, A(T;) < 2r and d > 2r. 


So we have, YS (i¢3p,3r) <2r. 


Case (ii) r is odd. 
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For 1<s <r, we define 
Ts = {(@s,Ys¢i):0<t< 2r—-1}U{(yrss, vi): r +1 <i<3rniArt+s} 
Uo {(ter4s, Yi): 2r+8 <i < 3r}U {(ter4s, yi): 1<i<s—1,s41} 
Trts = {(Ys,¥s+i): 1 <i < Qr}U {(arys, yi): 2r +1 <i < 38r;t=r4+s} 
Uo {(Yorgs, i): 27+ 5841 <1 < 38r,sArkU {(Yorgs, vi): 1<i< sh}. 
Clearly A(T;) < 2r for each i. In this case also 2 = {T1,T2,--- , Tor} is a graphoidal tree 
d-cover for K3,,3, and so yi \Kege a) < 2r when r is odd 


The following example illustrates the above lemma for r = 2,3. Consider K6¢ and Kg 9 


Y v3 Y2 
7, “\n v3 LA 
v5 v6 
Y1 
Y¥3 
v2 5 X te Y2 
ran MN Y6 ys 44 
¥3 Ye Yi 
uae ves TZ, LA LE Ly XQ U5 
Fig.7 
Y1 1 Y¥6 ¥3 x3 ¥8 
ce f Y5 ae Y4 n U7 
¥3 
x9 U5 
v5 rz rg Bas) 
C7 
v6 XA rs 
W ¥8 Y9 
v2 Y x7 v3 Y2 vs L4 ¥3 x9 
X6 
@3 a Ws TO mg ng 8 
Yo 
Yo 
in an ye Ys 
£8 x9 Ly 


Ly v2 x9 


Fig.8 


74 S.SOMASUNDARAM, A.NAGARAJAN and G.MAHADEVAN 


Theorem 3.10 9 (Kn.n) = [22] ford > [#] andn > 3. 


Proof By Theorem 2.2, [22] = y7(Knn) and yr(Knn) < y (Knn)s it follows that 


yo (Kn) > [#2] for any n. Hence the result is true for n = 0(mod3). Let n = 1(mod3) so 
that n = 3r+1 for some r. Let 4; = {T],T5,--- ,T3,} be a minimum graphoidal tree d-cover 


for K3,,3r as in Lemma 3.9. For 1 <7 <r, we define 


T; = T; VU {(%i, yarti)}, 
Tei = Ts U {(Yis £3r41) } and 
Toray = {(@3r41, Yrgs) 1 St < 2r +1} U {(ygrai, trys) 2 1 <a < Qr}. 


Clearly Y2 = {Ti,T,--: ,Tar41} is a graphoidal tree d-cover for K3r41,3r41, as A(Z;) < 
2r4+1= [22] < d for each i. Hence yo (Kn) a AO CE issn ea) <2r+1= [24]. 
Let n = 2(mod3) and n = 3r+2 for some r. Let ,%3 be a minimum graphoidal tree d-cover 


for K3r41,3r+1 as in the previous case. Let Y3 = {T1,T2,--- ,Tor4i}. For 1<i<-r, we define 


T; = 7; U {(xi, yar+a)}, 
Trg = Troe U {(yi, tar+2)}, 


/ 
Top41 = Tor+1, 


Torte = {(3r42,Pr¢i) : 1 St < 2+ 2}U {(ysr+2, Pr4i) 1 <i < Qr+ Lf. 


Clearly, Ya = {T],T3,--- , 13,42} is a graphoidal tree d-cover for K3,+42,3r42, as A(T/) < 
2r+2 = [22] <d for each i. Hence 9 (Knn) = YO (Karg23r¢2) < 2r $2 = [=#]. Therefore, 
a aa) = [=] for every n. 


Now we turn to the case of trees. 


Theorem 3.11 Let G be a tree and let U = {v € V(G): deg(v) —d> 0}. Then y(@ = 
> xu(v)(deg(v) — d) +1, where d > 2 and xu(v) is the characteristic function of U. 
vEV(G) 


Proof The proof is by induction on the number of vertices m whose degrees are greater 
than d. If m = 0, then Y = G is clearly a graphoidal tree d-cover. Hence the result is true 
in this case and ya) = 1. Let m> 0. Let u € V(G) with degg(u) =d+s(s>0). 
Now decompose G into s + 1 trees Gi, G2,--- ,Gs,Gs41 such that degg,(u) = 1 for l <i<s, 
degg,,,(u) = d. By induction hypothesis, 


(4G) = Ss (degg, -d) +1=k;, 1<i<s4+l. 
dega,(v)>d 


Now Y; is the minimum graphoidal tree d-cover of G; and |_Y;| = ki for 1 <i<s+1. 


Let J = fu fou-:-U Zo41. 

Clearly Y is a graphoidal tree d-cover of G. By our choice of u, u is internal in only one 
tree T of Y. More over, degr(u) = d and degg,(v) = degg(v) for v  u and v € V(G;) for 
1<i<s+l1. Therefore, 
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s+1 s+l1 
Ww < IFl= R=] YD Gega@)- a) +1 
i=1 t=1 | dega,(v)>d 
s+l1 
- S- S- (dega,(v) —d)} +s+1= S- (dege(v) —d)+5+1 
t=1 | dega,(v)>d dega(v)>d,uZ~u 
= S> (dega(v) — d) + (degc(u) -—d)+1= So (dega(v)—d) +1 
dega(v)>d,uZ~u dega(v)>d 
= S° xw(v)(dega(v) - d) +1. 
veEV(G) 


For each v € V(G) and degg(v) > d there are at least degg(v) — d+ 1 subtrees of G 


in any graphoidal tree d-cover of G and so y(@) > So (dege(v) — d) + 1. Hence 
dega(v)>d 


WEG = YL xu(v)(dege(v) — a) +1. 
vEV(G) 


Corollary 3.12 Let G be a tree in which degree of every vertex is either greater than or equal 
to d or equal to one. Then y@ = m(d—1)—p(d—2)—1, where m is the number of vertices 


of degree 1 andd> 2. 


Proof Since all the vertices of G other than pendant vertices have degree d we have, 


Wo = S* xu(v)(dego(v) -d)+1= S° xu(v)(dega(v) — d)+md-m+1 
vEV(G) vEeV(G) 


= 2qg—dp+md—m+1=2p—2-—dp+md—m-+1 (asq=p-—1) 


Recall that ng = 2 ng andn= poe ng, where % is the collection of all graphoidal 


tree d-covers of G, ¥ is the collection of all graphoidal tree covers of G and n_y is the number 
of vertices which are not internal vertices of any tree in Y%. Clearly ng =n if d> A. Now we 
prove this for any d > 2. 


Lemma 3.13 For any graph G, ng =n for any integer d > 2. 


Proof Since every graphoidal tree d-cover is also a graphoidal tree cover for G, we have 
n< nq. Let Y = {T),T2,---,Tm} be any graphoidal tree cover of G. Let U; be a minimum 


graphoidal tree d - cover of T; (i =1,2,---,m). Let UV = LJ U;. Clearly W is a graphoidal tree 


i=1 
d-cover of G. Let ny be the number of vertices which are not internal in any tree of V. Clearly 
ny =n y. Therefore, nq < nw =n y for Y € Y, where F is the collection of graphoidal tree 


covers of G and so ng < n. Hence n = ng. 


We have the following result for graphoidal path cover. This theorem is proved by S. 
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Arumugam and J. Suresh Suseela in [5]. We prove this, by deriving a minimum graphoidal 
path cover from a graphoidal tree cover of G. 


Theorem 3.14 4) (G) =q-—ptne. 


Proof From Theorem 3.1 it follows that >?) (G) >q—ptny. Let Y be any graphoidal 
tree cover of Gand Y = {T),To,--- ,T,}. Let U; be a minimum graphoidal tree d-cover of T; 
(i = 1,2,--- ,k). Let m; be the number of vertices of degree 1 in T; (i = 1,2,--- ,k). Then by 
Theorem 3.12 it follows that 9) (T;) =m, —1 for alli = 1,2,--- ,k. Consider the graphoidal 


k 
tree 2-cover WV ¢ = LU VW; of G. Now 
i=1 


k k 


k k k 
Eel => |v Yo(m - 1) = So m+ > a- don: 
w=1 w=1 t=1 


i=l i=1 


k k 
gS > ni ate Som. 
i=1 i=1 


Notice that 


k 


S "(numbers of internal vertices and pendant vertices of T;) 
i=1 


k 
Soi 
i=1 

k 
= p-ny + Som. 
i=1 


Therefore, |W ¢| = q—p-+n. Choose a graphoidal tree cover Y of G such that ng =n. 
Then for the corresponding V y we have |W g|=q-—p+n=q—p+nz, as ng =n by Lemma 
3.13. 


Corollary 3.15 If every vertex is an internal vertex of a graphoidal tree cover, then 4) (G) = 


q—Pp. 


Proof Clearly n = 0 by definition. By Lemma 3.13, no = n. So we have nz = 0. 


J. Suresh Suseela and S. Arumugam proved the following result in [5]. However, we prove 
the result using graphoidal tree cover. 


Theorem 3.16 Let G be a unicyclic graph with r vertices of degree 1. Let C be the unique 


cycle of G and let m denote the number of vertices of degree greater than 2 on C. Then 


2 if m=0, 
9G) =4 r+1l m=1, deg(v) >3 where v is the unique vertex of degree > 2 on C, 


r oterwise. 
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Proof By Lemma 3.13 and Theorem 3.14, we have 72) (G) = q—pt+n. We have q(G) = p(G) 
for unicyclic graph. So we have 4) (G) =n. If m = 0, then clearly 9G) = 2. Letm=1 
and let v be the unique vertex of degree > 2 on C. Let e = vw be an edge on C. Clearly 
JA = G-—e,e is a minimum graphoidal tree cover for G and son < r+ 1. Since there is a 
vertex of C’ which is not internal in a tree of a graphoidal tree cover, we have n = r+1. When 
m=1, 9?) =r+1. Let m> 2. Let v and w be vertices of degree greater than 2 on C’ such 
that all vertices in a (v, w) - section of C other than v and w have degree 2. Let P denote this 
(v, w)-section. If P has length 1. Then P = (v,w). Clearly YY = G — P, P is a graphoidal tree 


cover of G. Also n = r and so y2)(Q) =r when m > 2. Hence we get the theorem. 


Theorem 3.17 Let G be a graph such that y < 6(G) —d+1 (6(G) > d => 2). Then 
(G) =q—-p(d-1 
yp (G) = 4—-p(d—-1). 


Proof By Theorem 3.2, ye) > q—p(d—1). Let Y be a minimum graphoidal tree cover 
of G. Since 6 > yr(G), every vertex is an internal vertex of a tree in a graphoidal tree cover 
J - Moreover, since 6 > d+ d6r(G) — 1 the degree of each internal vertex of a tree in Y is > d. 
Let Y; be a minimum graphoidal tree d-cover of T; (1 = 1,2,--- ,k ). Let m; be the number of 
vertices of degree 1 in T; (i = 1,2,---,k ). Then by Corollary 3.12, for i = 1,2,--- ,k we have 


k 
Consider the graphoidal tree d-cover Vr = L) W; of G. 
i=1 


i= 


k k 
[Wr] = IU Yl = domila 1) = pile —2)= 1) 
k 


k k 
= de 1) So (mi = pi) + ya 
i=l i=1 
k 
= (d—1) 50 (mi — ms) Tq 
i=1 
Notice that 
k k 
a peoS S "(numbers of internal vertices and pendant vertices of T;) 
i=1 t=1 


I 


k 
w=1 
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Therefore, |r| = —(d—1)+q. In other words, ya) <q-—p(d—1). Hence, (G) — 
q—p(d—1) 


Corollary 3.18 Let G be a graph such that 6(G) = [|§| +k where k > 1. Then ye) - 
q—p(d—1) ford <k+1. 


Proof 6(G)-—d+1=[]+k—d+1> [4] > yr(G) by Theorem 2.5. Applying Theorem 
3.17, 1 (G) =4-p(d- 1). 


Corollary 3.19 Let G be an r-regular graph, where r > [4]. Then ye) =q-—p(d—1) for 
ee re aed 


Proof Here 6(G) =r and so the result follows from Corollary 3.18. 


Corollary 3.20 y (Kin) =q-—p(d—1), where2<d< aera and6<m<n<2m-—6. 


Proof Consider 


2m — —2 
Near: Se ae m n 1-3 ete 
m+n m+n 
= Lee; 3 ] = y7(Km,n) 


Hence by Corollary 3.18, y (Kin) =q-—p(d-1). 


Theorem 3.21 70 (Cm x Cn) =3 for d> 4 and y)(Cm x Cn) = 9 —D- 


Proof For d > A(G) = 4, a (Cm x Ch) = yr(Cm X Cn) = 3 by Theorem 2.14. Since 
b(Cm X Cn) = 4 and yr(Cm x Cr) = 3, we have yr(Cm x Cy) = 6(G) — d+ 1 when d = 2. 
Applying Theorem 3.17, 1?) (Cm x Cn) =q—D. 
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